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Heat and mass  t r ans f e r  at  a ve r t i ca l  surface is examined in the ease of combined f ree  and forced 
convection. The boundary layer  equations,  t r ans fo rmed  to ord inary  different ial  equations,  contain a 
pa ramete r  that de t e rmines  the effect of f ree convection on the forced motion. Cr i t e r i a  a re  offered for 
different iat ing the f ree-convect ion ,  forced-convect ion,  and combined reg imes .  

NOTATION 

x, y- -coordina tes  
u, v--veloci ty  components 
g- -acce le ra t ion  of gravi ty  
T - - t empe ra tu r e  
v- -k inemat ic  v iscos i ty  
~ -coef f i c i en t  of the rmal  expansion 
a - - the rma l  diffusivity 
p l - -par t i a l  vapor densi ty  
D--diffusion coefficient 
W z - m a s s  veloci ty of a i r  
Tl--independent var iab le  
Tw--shear  s t r e s s  at wall 
k - - the rma l  conductivity 
r - - l a t en t  heat of phase t rans i t ion  
0, go-d imens ion less  t empera tu re  and par t ia l  vapor densi ty 
m*--the complex (ralco--mlw)/ (t--mlw), 
Cp--specifie heat at constant  p r e s s u r e  
G--Grashof  number  
R--Reynolds  number  
P- -Prand t l  number  
S--Schmidt number  

vB ~ a D 

The subscr ip t  w denotes values at the surface,  ~o denotes values remote  f rom the surface,  1 is for vapor,  2 is for 
a i r .  

Consider (Fig. i) a vertical plate with constant temperature T w and partial density of component i Piw in a 
binary-mixture flow moving at velocity U~o along the plate in the direction of action of the lift forces. - 

The differential  equations of the l amina r  incompress ib le  boundary layer ,  neglect ing viscous diss ipat ion and 
without allowance for the rmal  diffusion and diffusional heat conduction and on the assumption that %~= c~ and that the 
physical pa r ame te r s  a re  constant ,  a re  wri t ten in the form:  

O " + O , : = V  
Ox Oy 

O~e Ou Ozu 2r g~ (T - -  Tco) 
u - f f ~ + v  O~ ._=v  OY ~ _ 

OTt , OT O~T u Op~ + v OO-2L : D O~p~ 
Oz r v ~ ~ a Oy---~, - 0 7  Oy Oy~ 

(1) 
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with  the fo l lowing  boundary  cond i t ions  

u = 0 ,  ~=  v w, T ~  Tw, p1=ptw at  y =  0 
u= Voo, r = ~o, P~ = Px~ at  # = co. (2) 

We a l s o  a s s u m e  that  the  v e l o c i t y  of the c o n d e n s i n g  f luid a t  the  wal l  and i t s  t h e r m a l  r e s i s t a n c e  a r e  neg l ig ib ly  
s m a l l  in c o m p a r i s o n  wi th  t he  f r e e s t r e a m  v e l o c i t y  and the  t h e r m a l  r e s i s t a n c e  of the  boundary  l a y e r .  M o r e o v e r ,  we 
h a v e  o m i t t e d  f r o m  the  equa t ion  of  mot ion  the  t e r m  r e p r e s e n t i n g  the  l i f t  due to the  c o n c e n t r a t i o n  d i f f e r e n c e .  

X 

Pt,,, t 
I 
i 

I 'l 
I Y 

,s* 
mi q. 

F ig .  1 

We r e d u c e  s y s t e m  (1) to o r d i n a r y  d i f f e r e n t i a l  equa t ions  by i n t roduc ing  the  independen t  v a r i a b l e  ~ and the  s t r e a m  

func t ion  $: 

= v v = (u jx) '17  (~) (~ = ~ , = - - ~ 7 ] "  (3) 

In the  new v a r i a b l e s  we  have  

u = U ~ o l ' ( , i )  , z, 2 \ ~ /  [I01)--~1F01)]. (4) 

Then  i n s t ead  of s y s t e m  (1) we obta in  

t "  0~) + ~ t (~) !" (~) v +k-~o(~)=o  

0;' (~) + V2 P 1 (~) 0' (~) = 0, ~" (~) + V2sI 01) ~' (~) = o 
(5) 

w h e r e  

T -- T~ P~ -- P~oo 
0 (~) = r ----~----~ ' ~ (~) = " 

P l w  - -  Ploo' 

The  t r a n s f o r m e d  equa t ions  con ta in  the  p a r a m e t e r  G / R  ~ = A,  w h i c h  d o e s  not  depend on 7]. When t h i s  p a r a m e t e r  i s  
equal  to z e r o ,  Eqs .  (5) a r e  c o n v e r t e d  into the equa t ions  fo r  f o r c e d  c o n v e c t i o n ;  at  Large v a l u e s  of A the  f r e e  convec t ion  
p r o c e s s  wi l l  obv ious ly  p r e d o m i n a t e .  A p r i m e  deno te s  d i f f e r e n t i a t i o n  wi th  r e s p e c t  to T]. 

In the  new v a r i a b l e s  boundary  cond i t ions  (2) fo r  s y s t e m  (5) t ake  the  f o r m :  

f(O)'=O, t~=coast,  0 = t , ,  ~ = i  at TI=O (6) 
f ' ( ~ o ) = i ,  0 = 0 ,  ~ = 0  at n = o o .  

The  boundary  cond i t ion  f w  = cons t  i m p l i e s  that  
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V'tO ~ -  W T. ~: V W ~  x * 

This l imitat ion does not affect  the genera l i ty  of the conclusions reached  in this paper .  As shown in [1, 2], the law 
of var ia t ion  of v w for f ree  and forced convection has a r e l a t ive ly  weak effect  on the var ia t ion  of the c h a r a c t e r i s t i c s  of 
the boundary l ayer  and the local  heat  t r a n s f e r  coeff icient .  In mos t  cases  the law v~ N x-l/~ is consis tent  with the condition 
of constant t e m p e r a t u r e  and m a s s  content at the sur face .  The m a s s  ve loc i t i e s  of a i r  and vapor at the sur face  of the 
plate a re  

w ~ = -  d oP~ ~ - o \ ay ]v:o vwP~ ~- 

W i v a : - - D ( ~ y ) ~ = o - - V v ,  Plw (7) 

which gives  

D [ Op~ \ D ~Oral 
(s) 

since 

m l + m 2 =  t, m l : p l / p ,  rrt~=p2/p " 

and hence 

From relation (3), (6), 

t / Ornt �9 

(8), and (9) we find that 

(9) 

2 rtlloo -- h~im 
t~.=-- 5" l--mlw @'(0) (10) 

where mlw is the vapor mass content at the surface, 

st=l= 
5 

r 

z :"~o 

~ r 

Fig. 2 

Nonlinear system (5) with boundary conditions (6) was solved on an M-20 computer by iteration using the pivotal 
method [3,4]. As the zero-order approximation for f(~) we took the Blasius solution [5]. 

As a r e su l t  of these  calculat ions we obtained the veloci ty  and t empe ra tu r e  prof i les  and the dis t r ibut ion of the 
par t ia l  densi ty  of component 1 in the boundary layer  (Figs.  2 ,3 ,4)  for combined f r ee  and forced convection for  the 
numbers  P = 0.72, S = 0.6 and a p a r a m e t e r  A equal to 0.1, 1, 10, 100 a t f w  = 0.05. By Way of example ,  Fig.  4 shows 
the effect  of the m a s s  flux on the t e m p e r a t u r e  prof i le  for  A = 0.1. The solid l ines  in Fig.  3 r e p r e s e n t  the densi ty  
dis t r ibut ion of component 1; the dashed l ines  the t e m p e r a t u r e  dis t r ibut ion.  The p rob lem for  the case  f w  = 0, but 
without al lowance for  phase t rans i t ions ,  has been solved by Szewczyk [6]. In this case  our data coincide with the 
r e su l t s  of [6]. 
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The local  skin f r ic t ion  at  the wall  i s  given by the e xp re s s ion  

a u '  

F r o m  re la t ion  (4) we find that  

Then f rom (11) we have 

o r  in d i m e n s i o n l e s s  fo rm 

( ~ ~ I ~ V/, 

roe f" (0) , t ],oX0) 
** : :  ~ - -~  ~ -~ 7 ~uoo * if/, 

~,~ /" (o) i I~ (o) 
pvoo 2 -  l i ' l ,  + T ifl----T-... " 

(11) 

(12) 

The total  heat  flow (with a l lowance fo r  the heat  of phase  t rans i t ion)  through the wall  i s  ca lcu la ted  f rom the 
equation 

q~* = - x t W ) , = 0  :L ~ _ ~----7 ~ - ~ - / , = o  ( i s )  

taking the plus  sign for  evapora t ion  and the minus  sign for  condensat ion.  

'~ , 

! 

o t z J q 

Fig,  3 

Then the heat  t r a n s f e r  coef f ic ient  (with a l lowance for  the heat of phase t rans i t ion)  i s  

a* -- %* XR'z~z -~ {0' (0) +. e rra* [ (14) 
r - r ~  = - s % (r~-~- r ~ j * '  (~ 

o r  

a*z ,, P rm* ~' (0)}. 
N = ~ = - - R  {O'(O)~ S cp(T~z--Tco ) (15)  

The f i r s t  t e r m  in the b r a c e s  g ives  the convect ive  component  of the heat  flux. S imi l a r l y ,  for  the m a s s  flux 

. / 0mi k / Uco \ 1/2 
" ' - -  - ~ t ~ D : o  = - ~ t -~ - ; - )  ( ~ , w  - . . ,  ~ <p" (0) 

or  the m a s s  t r a n s f e r  coeff ic ient  

/ 1  - -  D R I / ' x - I ( p  ' (0) (10) 
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and h e n c e  the  N u s s e l t  n u m b e r  fo r  m a s s  t r a n s f e r  wi l l  be  

~rn x 
N D - -  D - -  Rv~ ' (0). (17) 

The conditions under which the heat transfer process may be regarded either as an exclusively free-convection 
or exclusively forced-convection flow can be determined by comparing the numerical calculation with the results of a 

calculation of the heat transfer for purely forced and purely free convection at P = 0.72 in accordance with the equations 

N N o' m) (fi~_Vt, (18) 
R~i~ ~ 0.297, - -  n 'I~ - V ~  \ n~  t 

The  f i r s t  of r e l a t i o n s  (18} w a s  ob ta ined  f r o m t h e  r e s u l t s  of th i s  p a p e r  and c o i n c i d e s  wi th  the  da t a  of o t h e r  a u t h o r s  

[1], whi le  the  s e c o n d  of t h e s e  r e l a t i o n s  w a s  ob ta ined  f r o m  the  r e s u l t s  of [7]. 

\ 

~ t z 3 r 

Fig.  4 

I f  i t  is assumed [8] that the heat t rans fe r  fo r  pure ly  forced or pure ly  f ree convect ion d i f fe rs  f rom (18) by not 
m o r e  than 5%, then  the  b o u n d a r i e s  of t h e s e  f lows  can be  d e t e r m i n e d  f r o m  the  c o n d i t i o n s  

0 < A ~ 0.095 
0.095~A ~ t 6  

t 6 ~ A  

_ f o r c e d  c o n v e c t i o n  
- c o m b i n e d  c o n v e c t i o n  

- f r e e  c o n v e c t i o n  

Similarly, from the known expressions [5,7] 

il~C s R '1" = 0.328, li'2CfR ~1' ~ ~ 2 [ "  (0) \ R2 ] ( i9 )  

i t  i s  p o s s i b l e  to ob ta in  the  b o u n d a r i e s  of the  flow r e g i m e s  fo r  c a l c u l a t i n g  the  skin  f r i c t i o n  

0 ~ A ~ 0.0t5 
0.0t5 ~ A ~ t6 

i 6 ~ A  

- f o r c e d  c o n v e c t i o n  
- c o m b i n e d  c o n v e c t i o n  
- f r e e  c o n v e c t i o n .  

The  above  c o n c l u s i o n s  r e l a t i n g  to t he  l i m i t s  of  the t h r e e  c h a r a c t e r i s t i c  r e g i m e s  a l s o  apply  when  f w  ~- 0. 

Having studied the dynamic and thermal characteristics of the boundary layer we now turn to a consideration of 
the problem of mass transfer in the presence of combined free and forced convection. The table presents 6' ' (0), q0' (0) 

and m* for various values of the parameter A at P = 0.72, S = 0.9 and 0.6 for both condensation and evaporation. For 
fw > 0 we have condensation, and for fw < 0 evaporation from the vertical surface. 

Calculations were also made for the case in which the forced and free convection are opposite in direction. In 
this case in boundary conditions (6) with ~? = ~ we havef'(~) =-i, but the other conditions do not change. The systemof 
equations (5) also remains unchanged. 

Expressions (12), (15), and (17) for the skin friction and local Nusselt numbers remain valid for the process 
characterized by opposite directions of the free and forced convection. 

299 



Free  and Forced Convection Coincide in Direct ion 

fw 
0" (0) 

P ~ 0.72 

8=0 .6  

v" (0) m* 

S =0.0  

~' (0) 

0.06 
0.04 
0.02 
0.0 

~0.02 
--0.04 
--0.06 

0.06 
0.04 
0.02 
0.0 

--0.02 
--0.04 
--0.06 

0.06 
0.04 
0.02 
0.0 

--0.02 
--0.94 
-0.o6 

0.06 
o.o4 
0.02 
0.0 

--0.02 
--0.04 
-o.o6 

F r e e  

0.06 
0.04 
0.02 
0.0 

--0.02 
--0.04 
--0.06 

0.06 
0.04 
0.02 
0 

--0.02 
--0.04 
--0.06 

0.03 
0.04 
0.02 
0.0 

--0.02 
--0.04 
--0.06 

0.06 
0.04 
0.02 
0 

--0,02 
--0.04 
--0.06 

--0.3295 
--0.3246 
--0.3t98 
--0.3149 
--0.3t02 
--0.3454 
--0.3006 

--0.4125 
--0.4082 
--0.4039 
--0.3998 
--0.3956 
--0.39t3 
--0.387t 

--0,6393 
--0.6354 
--0.63t5 
--0.6277 
--0,6235 
--0,620t 
--0,6t62 

--t,0756 
--1.07i 6 
--1,0679 
--1,064t 
--t,0603 
--1,0564 
--t,0526 

A = 0 , i  

--0.3105 0.0579 
--0.3064 0.039i 
--0.3024 0.0t98 
--0.2984 0.0 
--0.2944 --0.0203 
--0.2904 --0.0~t3 

--0.286~ --0.0628 

A = t  

"0.3835 0.0469 
--0.3799 0.0316 
--0.3764 0.0159 
--0.3730 0.0 
--0.3696 --0.0t62 
--0.3660 --0.036t 
--0.3625 --0.0480 

A = t 0  

--0.5881 0.0306 
--0.5849 0.0205 
--0.5315 0.0t03 
--0.5786 0.0 
--0.5754 --0.0t04 
--0.5722 --0.0209 
--0.5681 --0.0316 

A = I 0 0  

--0.9376 0.0t82 
--0.9844 0.0122 
--0.9313 0.0061 
--0.9783 0.0 
---0.975t --0.0061 
--0.9720 --0.0123 
--0.9689 --0.0i86 

--0.356t 
--0.3499 
--0.3439 
--0.3380 
--0.33t9 
--0.3259 
--0.320t 

--0.45t8 
--0.4464 
--0.4409 
--0.4359 
---0.4306 
--0.4252 
--0.4!99 

--0.7064 
--0.7014 
--0.6964 
--0.69i6 
--0.6866 
--0.6Si7 
--0.8768 

~1.1889 
--1.1837 
--1.1788 
--I,1741 
--t.1692 
--1.1643 
-- t . t594 

0.0758 
o.o514 
0.0263 
o.o 

--o.o27i 
--0.0552 
--0.0343 

o.o597 
0.0403 
o. 0204 
o.o 

--o. 0209 
--o. 0423 
--o .0643 

o. 0382 
0.0256 
o.ot29 
o.o 

--o.o132 
--o.o264 
--o. 0399 

o.o22't 
o.oi52 
0.0076 
o,o 

--0.0077 
--o.o154 
--0.0233 

a n d  F o r c e d  C o n v e c t i o n  O p p o s i t e  i n  D i r e c t i o n  

--0,2162 
--0.2t  33 
--0,2104 
--0,2076 
--0,2047 
--0.20t9 
--0,199i 

--0,3087 
--0.305t 
--0,302t 
--0,2939 
--0.2959 
--0,2927 
--0,2895 

--0,5849 
--0,5814 
--0.5778 
--0,5742 
--0.5706 
--0,567t 
--0.5635 

--t.0470 
--t.9432 
--t.0395 
--t ,0358 
--t.0332 
--1.0284 
--1,0247 

A = 0 . 2 5  

--0.2t38 0.0Mi 
--0,21t4 0.0567 
--0.2090 0.0287 
--0.2067 0.0 
--0.20~3 --0.0294 
--0.2019 --0.0594 
--0.t996 --0.0992 

A = t  

--0.2904 0.0320 
--0.2878 0.0417 
--0.2852 0,02tt 
--0.2825 0.0 
--0.2801 --0.02t4 
--0.2775 --0.0433 
--0.2749 --0.0655 

A = t 0  

--0.5311 0.0339 
--0.5282 0.0227 
--0.5253 0.0114 
--0.5224 0.0 
--0.5t95 --0.0t t5 
--0.5t67 --0.0232 
--0.5138 --0.0350 

A = t 0 0  

--0.9552 0.0t88 
--0.9528 0.0t26 
--0,9492 0.0063 
--0.9462 0.0 
--0.9432 --0.0064 
--0.9402 --0.0128 
--0,9372 --0.0192 

--0.2t99 
--0.2162 
--0.2124 
--0.2090 
--0.2053 
--0.2018 
--0.1982 

--0.3359 
--0.33t7 
--0.3275 
--0.3235 
--0.3t93 
--0.3t52 
--0.3111 

--0.6562 
--0.65t5 
--0.6468 
--0.642t 
--0.6375 
--0.6328 
--0.6282 

--1.t636 
--1.1587 
--1.1539 
--1.t492 
--t.1445 
--1.t397 
--t.1348 

0.t224 
0.0933 
0.0424 
0.0 

--0.0434 
--0.0891 
--0.t361 

0. 0804 
0.0543 
0.0275 
0.0 

--0.0282 
--0.0571 
--0.086~ 

0.04t2 
0.0276 
0.0i39 
0.0 

--0.0t4t 
--0.0284 
--0. 0429 

0.0232 
0.0t55 
0.0078 
0.0 

--0.0079 
--0.0i58 
--0.0240 
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